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IDENTIFICATION PROBLEMS IN GRAPHS

OBJECTIVE

Separate any two nodes of a graph by their unique neighborhoods in a suitably chosen
(total-)dominating set (= code) of the graph.
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IDENTIFICATION PROBLEMS IN GRAPHS

OBJECTIVE

Separate any two nodes of a graph by their unique neighborhoods in a suitably chosen
(total-)dominating set (= code) of the graph.

Let G = (V,E) be a graph and denote by N (i) (resp. N[i]) the open (resp. closed)
neighborhood of anode i € V.

DOMINATION PROPERTIES: C C VIS
e dominating if N[i{] N C are non-empty sets for alli € V
o total-dominating if N(i) N C are non-empty sets for all i € V
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(total-)dominating set (= code) of the graph.

Let G = (V,E) be a graph and denote by N (i) (resp. N[i]) the open (resp. closed)
neighborhood of anode i € V.
DOMINATION PROPERTIES: C C VIS

o dominating if N[i{] N C are non-empty sets for all i € V

o total-dominating if N(i) N C are non-empty sets for all i € V

SEPARATION PROPERTIES: C C V IS
o locating if N(i) N C are distinct sets for all i € V\ C
o open-separating if N(i) N C are distinct sets for all i € V
o closed-separating if N[i] N C are distinct sets for all i € V
o full-separating if it is both open- and closed-separating.

v

D. Chakraborty, A. Wagler (LIMOS, UCA) LAGOS 2025 4/16




COMBINING DOMINATION AND SEPARATION PROPERTIES

The following identification problems have been studied in the literature by combining
a domination and a separation property:

domination (D-set)

total-domination (TD-set)

location

(L-set)

locating-
dominating codes
(LD-codes)

locating total-
dominating codes
(LTD-codes)

closed-separation

(C-set)

identifying codes

(ID-codes)

differentiating total-
dominating codes
(DTD-codes)

open-separation

(O-set)

open-separating
dominating codes
(OD-codes)

open-locating
dominating codes
(OLD-codes)

full-separation

(F-set)
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COMBINING DOMINATION AND SEPARATION PROPERTIES

The following identification problems have been studied in the literature by combining
a domination and a separation property:

domination (D-set)

total-domination (TD-set)

location | locating locating total-
dominating codes dominating codes
(L-set) | (LD-codes) (LTD-codes)
closed-separation | identifying identifying total-
(dominating) codes | dominating codes
(I-set) | (ID-codes) (ITD-codes)

open-separation

(O-set)

open-separating
dominating codes
(OD-codes)

open-separating total-
dominating codes
(OTD-codes)

full-separation

(F-set)
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SOME EXAMPLES

For a graph G = (V,E), asubset C C V is
o locating if N(i) N C are distinct sets foralli € V\ C
e dominating if N[i] N C are non-empty sets for all i € V
o alocating dominating code if it is locating and dominating

O atn LOLOENG, LOntn LOENG. nOn o o0

L-set D-set LD-code
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SOME EXAMPLES

For a graph G = (V,E), asubset C C V is
o locating if N(i) N C are distinct sets foralli € V\ C
e dominating if N[i] N C are non-empty sets for all i € V
o alocating dominating code if it is locating and dominating

O atn LOLOENG, LOntn LOENG. nOn o o0

L-set D-set LD-code

For agraph G = (V,E), asubset C C V is
o closed-separating if N[i] N C are distinct sets for all i € V
e total-dominating if N (i) N C are non-empty sets foralli € V

o an identifying total-dominating code if it is closed-separating and
total-dominating

O o o ROoOENG, o o o ROENG. o o o ae

|-set TD-set ITD-code
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IDENTIFICATION PROBLEMS IN GRAPHS

X-CODE PROBLEM

Given a graph G and X € {LD,OD,ID,FD} U {LTD,OTD,ITD,FTD},
find an X-code of minimum cardinality y*(G) in G.

@ The related decision problems are all NP-complete:
> LD (Colbourn, Slater, Steward 1987)
> ID (Charon, Hudry, Lobstein 2003)
» OTD (Seo, Slater 2010)
» LTD (Jayagopal, Miller, Rajan, Rajasingh 2017)
> ITD (Goyal, Panda, Pradhan 2021)
» OD (Chakraborty and W. 2024)
» FD and FTD (Chakraborty and W. 2025)

@ Active research area, see e.g. the bibliography by Jean and Lobstein:
https://dragazo.github.io/bibdom/main.pdf
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IDENTIFICATION PROBLEMS IN GRAPHS

X-CODE PROBLEM

Given a graph G and X € {LD,OD,ID,FD} U {LTD,OTD,ITD,FTD},
find an X-code of minimum cardinality y*(G) in G.

@ The related decision problems are all NP-complete:
> LD (Colbourn, Slater, Steward 1987)
> ID (Charon, Hudry, Lobstein 2003)
» OTD (Seo, Slater 2010)
» LTD (Jayagopal, Miller, Rajan, Rajasingh 2017)
> ITD (Goyal, Panda, Pradhan 2021)
» OD (Chakraborty and W. 2024)
> FD and FTD (Chakraborty and W. 2025)

@ Active research area, see e.g. the bibliography by Jean and Lobstein:
https://dragazo.github.io/bibdom/main.pdf

@ But: Separation properties not yet studied independently from codes!
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SEPARATION NUMBERS OF GRAPHS

Recall that for a graph G = (V,E), a subset C C V'is
o locating (L-set) if N(i) N C are distinct sets for all i € V\ C
o closed-separating (I-set) if N[i{] N C are distinct sets for all i € V
o open-separating (O-set) if N(i) N C are distinct sets for all i € V
o full-separating (F-set) if it is both open- and closed-separating.

O O ROSORNROL o o ROoOENG. o o o o

L-set |-set O- and F-set
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o locating (L-set) if N(i) N C are distinct sets for all i € V\ C
o closed-separating (I-set) if N[i{] N C are distinct sets for all i € V
o open-separating (O-set) if N(i) N C are distinct sets for all i € V
o full-separating (F-set) if it is both open- and closed-separating.

O O ROSORNROL o o ROoOENG. o o o o

L-set |-set O- and F-set

For all separation properties S € {L,I,0,F}, the S-number y°(G) of G is the
cardinality of a minimum S-set in G.

THEOREM (CHAKRABORTY AND W. 2025)

For a given graph G and an integer ¢, it is NP-complete to decide whether y°(G) < ¢
forany S € {L,1,0,F}.
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SEPARATION AND COMPLEMENTATION

O nOn ROnONNGE & & nOnOENGN & o o @
L-set |-set O- and F-set
Concerning the S-numbers of a graph G and its complement G, we can show:

THEOREM (CHAKRABORTY AND W. 2025)
For any graph G, we have

° ¥¥(G) =7 (G forSe{LF}
A

@@@

L-set O-set |- and F-set
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RELATIONS OF S-SETS WITH SD- AND STD-CODES

THEOREM (CHAKRABORTY AND W. 2025)
For any graph G, we have for SD-codes:
e ¥°°(G) <y3(G)+1forallS € {L,0,I,F}
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RELATIONS OF S-SETS WITH SD- AND STD-CODES

THEOREM (CHAKRABORTY AND W. 2025)
For any graph G, we have for SD-codes:
e ¥°°(G) <y3(G)+1forallS € {L,0,I,F}

THEOREM (CHAKRABORTY AND W. 2025)
For any graph G, we have for STD-codes:

o 1°1°(G) < v*(G)+1forS € {O,F}

o 1°1°(G) <2y5(G) forS € {L,I}
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THEOREM (CHAKRABORTY AND W. 2025)
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o 1°°(G) <y3(G)+1forallS € {L,0,I,F}

THEOREM (CHAKRABORTY AND W. 2025)
For any graph G, we have for STD-codes:

o 1°1°(G) < v*(G)+1forS € {O,F}

o 1°1°(G) <2y5(G) forS € {L,I}

O O 0N

L-set
(no D-set, no TD-set)

Om 2O = =0 Om = = = 0
LD-code LTD-code
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CONSEQUENCES FOR COMPLEMENTS

O mOn o ROENGE o o aOn EEGE o o o a0

LD-code ID-code OD, FD, FTD-code

COROLLARY

For any graph G, the following values differ by at most 1:
o 1°(G) and °(G);
o 1°°(G) and y°(G);
o ¥P(G) and ¥P(G) as well as ¥"™°(G) and y"™°(G).

LD-code OD-code ID, FD, FTD-code
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CONCLUSIONS AND CONJECTURES

The previous results show that separation is almost domination due to
73(G) < ¥°°(G) <¥*(G)+ 1S € {L,1,0,F},
and that open-separation is almost total-domination by

7°(6) <7*°(G) < v°™°(G) < ¥°(G) + 1 for S € {0, F}.
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CONCLUSIONS AND CONJECTURES

The previous results show that separation is almost domination due to
Y*(G) <¥*°(G) < ¥°(G)+1VS € {L,1,0,F},
and that open-separation is almost total-domination by
7*(G) < 7*°(G) < ¥*™°(G) < 13(G) + 1 for S € {0, F}.

It is known that

e Y°P(G) and y°™°(G) (Chakraborty and W. 2024)
e ¥P(G) and ¥"™°(G) (Chakraborty and W. 2025)
differ by at most 1, but that it is NP-hard to decide whether the two values are equal.
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CONCLUSIONS AND CONJECTURES

The previous results show that separation is almost domination due to
7°(G) <7v°(G) < v°(G) +1 VS € {L,1,0,F},
and that open-separation is almost total-domination by

7°(G) <7*°(G) <1°™°(G) < ¥°(G) + 1 for S € {0, F}.
It is known that
e Y°P(G) and y°™°(G) (Chakraborty and W. 2024)

e ¥P(G) and ¥"™°(G) (Chakraborty and W. 2025)
differ by at most 1, but that it is NP-hard to decide whether the two values are equal.

CONJECTURE

It is also NP-hard to decide whether the following pairs of values are equal:
e ¥3(G) and y°°(G) for S € {L, 1},
e 1°°(G) and y°°(G) for S € {L,F},
e 7°(G) and y°°(G).
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IWOCA 2026

37th International Workshop on Combinatorial Algorithms
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Hope to see you June 8-11, 2026 in Clermont-Ferrand, France!
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