On full-separating sets in graphs
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Identification problems in graphs — Locate the intruder

Dominating set: N[v]NC # 0

Total-dominating set: N(v)NC # 0

Nu)NC#N@w)NC < (Nw)AN(@))NC #0 forallu,v e V\C
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In summary...

Locating set: C such that (N(u)AN(v)) NC #0 for all u,v € V\ C
No faults: Detectors can distinguish between its vertex and its neighbor

Closed-separating set: C such that (N[u]JAN[v]) NC # 0 for all u,v € V
Fault type 1: Detectors can distinguish between its vertex and its neighbor

Open-separating set: C such that (N(u)AN(v)) NC # 0 for all u,v € V
Fault type 2: Detector is completely disabled / destroyed
X | b | LD | ID | ITD | OD | OTD | FD | FTD
D/TD| NJv] N() | N[v] | N(w) | N[v] | Nw) | N[v] N(v)

adj. A(u,v)| Alu,v) Afusv]| Afu,o]| A, v)| A, o) Au,v]| Alu,v]
n-adj | Afu,v] | Afu,v] Au,v)| Au,v)

A(u,v) = N(u) A N(v);  Alu,v] = Nlu] A Nv]
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In summary...

Locating set: C such that (N(u)AN(v)) NC #0 for all u,v € V\ C
No faults: Detectors can distinguish between its vertex and its neighbor
Equivalently... Locating set: C such that

o (N(u) A N(v))NC # 0, where u,v adjacent

° (N[u] A N[v]) N C # 0, where u, v non-adjacent

Closed-separating set: C such that (N[u]AN[v]) NC # 0 for all u,v € V
Fault type 1: Detectors can distinguish between its vertex and its neighbor

Open-separating set: C such that (N(u)AN(v)) NC # 0 for all u,v € V
Fault type 2: Detector is completely disabled / destroyed
X | b | Lo | ID | 1TD | OD | OTD | FD | FTD
D/TD| NJv] N(w) | N | N(w) | N[v] | Nw) | N[v] N(v)
adj | Au,v)| A(u,v) Alu,v]| Alu,v]

Afu, v]| Alu,v]| Au,v)| Au,v)

n-adj | Afu,v] | Alu,v] Au,v)| Au,v)
A(u,v) = N(u) A N(v);  Alfu,v] = Nu] A N[v]
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Definitions

Full-separating set: C such that
e NjulNnC # N|NC, for all u,v € V
e NuynC # N(v)NnC, for all u,v € V
Takes care of Fault type 1 and Fault type 2

Full-separating dominating code (FD-code):
A set with full-separating property + dominating property

Full-separating total-dominating code (FTD-code):
A set with full-separating property + total-dominating property
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Existence & Examples

Existence: twin-free = open-twin-free + closed-twin-free
X € Copes = {LD,LTD,ID,ITD,OD,OTD,FD,FTD}
7X(G) = min{|C| : C is an X-code of G}

\V/

(a) ¥*TP(Hs) = 6 (b) vFP(H3) =5 (c) Y™ (B) =~"P(B) =4
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Code comparisons
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Figure: X' —» X stands for vX' (G) <~X(G)

Interesting fact: /" TP(G) — 1 <A4P(GQ) < AFTP(G)
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NP-hardness results related to FD- and FTD-codes

FD
Input: (G,k): A graph G and a positive integer k.
Question: Does there exist an FD-code C of G such that |C] < k?

FTD
Input: (G,k): A graph G and a positive integer k.
Question: Does there exist an FTD-code C of G such that |C| < k?

FD=FTD -1
Input: A graph G and an integer k.
Question: Is v¥"TP(G) = k and 4*P(G) = k — 17
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duction ideas...from 3-SAT
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(a) Variable gadget G”.
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(b) Clause gadget PY.

(c) Instance GV.



Combinatorial results

Let G be either a path P, for n > 4 or a cycle Cy, for n > 5. Moreover,
let n = 6q + r for non-negative integers q and r € [0,5]. Then
dqg+r, if r €10,4];
YP(G) =7"TP(@) = .
4944, if r=>5.

V1 V2 U3 V4 U5 Vg :Ur U Vg V1o V1l Vi2:
O—o—0—0 0 O0—0—0—0—0 0 O

V11 V12:V13
e—e—oO

V11 V12:V13 V14
e—eo—e O

V11 V12:V13 Vi4 Vi5
e—o 900 O

V11 V12:V13 V14 V15 V16
*—eo—0—0—0—O

V11 V12:V13 V14 V15 Vie V17
e—O 9o o e e O
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Thank you!
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